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5—-6., INDEFINITE |NTEGRATION

(1) Theotem 1 : Y § and g are differenbiable funcbions
over (a,b) Uam.d b'(x).—_ j’(z) v % € (a,b)
then f(x)=a(x)+cCc ¥ x € (a,b) where ¢ 18 an

Proof : Lt A (%) = ) —g(x), x € (ab).

Y =4, %, € (a,h), <x, than h u
contimenous en [xg, %, ] amd difgeuntiable en (%4,%;).
Aleo by Maam Value Theorem., |
hixg)— h(xp) = h'(0) (-X,) whore ¢ € (xq, %)
Thus c € (a,b).

h'e) = ') —g'te) =0
hig) = hi(x), ¥ x,%, € (ab)
b)) —464) = (&) - 9(%2), V %, %, € (a,b)
T K a condlank funclien on (a,b).
b(ﬂ‘-)—g(?’—) = ¢, whie c €R s a wnilant.
fex) = g(x) +c ¥ = € (a,b).
(2) Theorem 2 @ Y § amd q ane milegrable 6ver miterval
I € R, xi:exn
_ffﬁ(*)-i—g(x)]aﬂ« = () d=x + _fg(x)a(x..

Proog : 5 [§pdx + [0 4] = L (e + 5 [gp94x
(Rele of dwrvatives)
= h(z) +g) .
( mition. of integialion
I[b(x)+3(7.)]dx = Iﬁ(x)ﬁﬁg(x)dx.% -
n gemtral, i g, fa--- bn At miegrable ever an mtowsl,
thaw [[ () +f2) +--+ fn@)]dx = (5 + [ phr)dx +-+{ e
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(3) Theowom 3 : JRE(=)dx = R [f)dx (whernt R is wnat.)
Provy :

c—‘};—(_ -h.jb(x)d.x = kg';jk(x)dx

= Rf(x) (Rule 6f Aﬂ)umtwcd)
L fRpl)dee = R[pE)de  (By definition of prmikive)

(4) Theotem 4: g : [, pl— R s contonuous om [a,B]
and dipp oontiable en (d,p). §'(t) 3
continueous en (o, p) amd g'lt) #0, V1 € (& B).
Range of q i6 a suwbset of [a,b] and j: [a, b]~R
ik conbinuous, Thon dubdilition = = g(t) gives,
Jpeod= = [§Lg(0)1 g'tt) 4*

Protf : Simee f K entimuous en [a, b], §§06)dx

exists, WZ'?L‘!T)MMHMM
Rac:[ab] F(3(D) i dofinad en [d, p] amd
wntimueus en [, Bl, §'(t) s also wnbimugud on
(&, B) and [f(g(t) g'(t) dt exiusts,

Let h(z) = j}(x)dac. s A = ().

Hence f 6 a differentiable puncbion ef = en (a,b)
amd x & a dipgeromtiakle puncien e £ en (d,pB).
Hemce, # & also a difpenonbable fpuncbhon 6f
ene (o, B).

A algm] = A'[FDIFE = b [3WIFw

hlg()] = [plgwlgo

hiz) = [$lgW1gw) &
co ey de = [0 g'(t) 4
As g'(t) K tentonwons amd men-zeho, x = g(t)us

ong-eme and thomce by t-—g(x.) the punclien en
/ugh'thmigdamhmmmmimﬁawenot—m.
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(5) Theokem S : Y () d= r-'(x.), then

Jhlac +b)dx =

F(ax+b) where f: IR

18 conluwous on seme mtervald I. (a%0)
Proof : Let azx+b =% . == L(t- b) = g (t) 1

centiniroud amd. mﬁmﬁm and g'(t)= L #0.

& = s
[blamtb) d= = [tt) = dt = L [pie) at
= 2 F(t) = L F (ax +b)

7n+1
(&) Theonem € : | Lol Prods = SEEU ,
n +1
wiere f(x) >0 amd |, t' are wntinusud
and '(z) # 0,

Preof : Let t = f(x). So 4t

T = k()
Since (=) #0 and continuous, t = (=) is
LRI Pl d= = [tTdt = f:: + C e
o Lpe)™
n+1

% €[a,bl, then [BE) dx =lﬂ?lb-(x)l+c‘

()
Proof: ' 6 tentinusus amd non-2ers. Hemee 14
monotenic . Hemeze t=4(x) = x=§(t). g(x)-———t
OO 4 o (06 d g . (46 _ g 1t
Jt(’() btx)‘az““"jf 7 keg IEhr e

:ﬂ-ﬂjlb('z—)l +C
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(8) feostcx dx = log |umec = —cot =l = fog|tan | +c

Proof: For wiec = 1o be defaned, = +RT, REZ.
smx 0 and |—-wsx # 0.
| —casx
S 2

Neul, jCMc.x.dx = fmx(mx-cﬂx) A=
Losee x — tet =

= cosec  —wkax # 0

:_J _ cosee x wht = + wedx o
teste x — ot =
= é;_(wu.cx-—wtx) d
osec x — cot 2

:h—alwm:v.-wtxl + c
o, cosocx —cot = = {=aivoc T tan %
Sm X

i _fcm.zcxalx = iﬂ?’(ﬂdﬂ-ﬂx—d&tZJ = ﬁgglfm%' +c.

@) fsecodx = L | tan (W +27, )| +¢ =Ly Isecx+tanz| +c

Provf : For Aecx fo be defimed, = # (2k+1)T ,kez.
tosx #F0 and |+smx F0,
| + 8in x
Tlosxe

il

Aace 2 +tan . F 0

sec ¢ (sec =+ tan=x) e
Sec x + tan =

New, S&Lxdz. =j

—

f sec®x + Aec = tamx i
Sec x 4 tan %«

=ff%(suz+tnme e
2 x + tan =

28 ﬂ.n?lsgr_x. +tan=| + C

A:tw; ddc x +tan = = '+m2% + Zmz«i
| =tan® Z | - tan* %
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= (l+tam.x/z.)z B l+fam.’_'2-‘-'_
(1-tan %7, ) (1+ tan ™) I- tan %

= tom (Vy +%/, )
fs:.cz.dx = log |secx +tan=| +c """‘"Z“"""(%»"'%)""‘:
(10) Rude 6f 9wte.?/.m&m by Parts :
% ) 5> 9 are dippoentiable en miterv=l I € R and
(i) b, g' are continuwous en L, thin
[ ) g't)d= = j()g(%) - [H'e)gE)dx, = <LI.

Prooh: | and g ane difjerntiable punclions of x.
< according to wosking  nuled o} ddpporentiation,
i—c [t g60] = 6930 + 9 b )
New, f,9, t, 9" are gien B be conlimuous on I CR.
ﬁg'amd];'g ane alss centinwows amd hina mu?m&.
b g=) = JLEE g ) + (=) E0] 4=
= [b(x)g*'(z) dz + [g(x)f () d=
“—(z) 3'(.1:)4:5 = &) g(=) — “;’(x) g(x) A% ... (i)
TWi& 4 the rule of m:tegmb#bm.
Now, Lot [(x) = U amd g'(x) = U
f@) = Yy and g = fudx
Substiluding m (i)
fuumtz. = ujudx—f[%judxjdx --- (1)

e E
(1) [ VxZra® d= = Z \aFpar + & log | =+ x| + ©

P’L&ﬂt: Let' I = f1/12-+az~dx =fm,1dx
LI = (Fra 1= — (& e f1de]dx
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I = = |z%4q2 — L2z . dx
e - [
Z
V 2*+a*
Vaa®
=g —0 dec
— Z T 2 2
e ke de" +aj1/xﬂ-+4:,
= % (x*ta* — 1 + a“Log | =+ Fra?| + 2¢
2I = = yx%+a* + aziﬂg |2+ (2Fyaz | + 2¢
I =

Z VB + L oy %+ [P | e

S&MM £ can bhe p’mcd- thakt
f\/zz—a’-dx = %

—

-az -—-—ﬂrglx+ml+c

Z s
(12) ;Vaz—z_l ax = Z-Zyaz._x?- +6_L..Am = +c (a >0)

Proop: I = (VAR dm = [1./a5= du
= J@ExE [1de — [[9x @& [1d= |4=

a*-x* —"g ! o (= 2%) .20 d
2 a’l_x?-—

[ 2 Z '
ar= —QAa
= ot 42-...;(_'3-_-'[( )

'

i

Az

a“—2¢

dat \
X \Jat— x* ——Sd—_dalx.ﬁ-ag

\)‘ ?(.
-1z
= X Jab-x+ -1 + a%4im = + 2c¢
z .

z a

(Note : This heult can also ba preved by the substilibon
X = asné.)
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(13) [ e™ [§(=) + (0] 4=

—

= e"'}(x) g

Prook: [ e™p(x) dx

peo) (™ dx - j[i_‘_ H?()jexdx]dx

px) - (X p)dx + ¢
o fe*[p) + ' (x)]dx = e*p() +c.

14) o™ b dx

—
—

ad.?(..

= (a sin b — beasbx)
a* +

e2™ son (bx—9)
4=

rorra
whod, o190 = 2 — , smo=_b __ , abFo
Preof : I = e sim b dx
= wbx‘eﬂzdx—j[gimbmSea a{x]da’_
a7 ax
= smba E._—bgmbar- € _ dx
a a
= smbx Ef: = ?..Sea cos b d =<
a a
. ax az . ax
I = smbx.% _ _ b [mbxjef_._ _I—bmbx.%—-dx]
a a
ax z
bz e o b cosbee . @ - B jeaxmbx&m
a a'Z- aﬂ-
azx z 2,12
e g _ b a“b
- (asmbx —brosbzx) o +(__--—a2_ )c,
7 Z
) az-;—b"’- Qd’z y —besh (a +b Jb
o = — (asmbx %) =
g .
A1 = (asimbz — busbz) ... (i)
a% 4 b*
Now, et a = hcosg, b = ~ain 6 k = Ja* +b*

A sim bx — blosbx = Acosh smbx — fdm 6 oS b
= rsim (bx-6)

= Ja%+ b* sim (b=-6)
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SMMWM? m (1),
az
I = e 2 2 L
PN [ VaZ+b% sin (bx-6)] +c
ik :
= ———— Sim(bx-8) + ¢
V a*+b?
whore cas = 2 ,wB._b___ a,b*o
va*+ bz vatb*
S-irm-i[a/u;ay, i can be proved that
" i
Sea toshx dx = (acosbx + bsiubz) + ¢
a* + b*
ea:r_
= tos(bx—-0) + ¢
Wlune, cos = 2 , Simf = : ya,b+0,
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7-9. DEFINITE INTEGRALS
DIFFERENTIAL EQUATIONS

(1) Fumdamental prmcple 6f dofincds imtegration :
Y the pumclion | is continuous en [a,b] and F 8 a
diffortiokle fumction en [a,b] such that
Fiix) = (x), ¥ = € La, bl, thm

b
L ke)dx = F(b) - Fla)

(2) Rule o¢f eubstilition in degonils mtegration :

P i [a, ] = [a,b] K an novesing (08 dbasaiing) pundion.

x = ¢(t) amd @'(t), t € [d, g] are conbimuous ard ¢'(t)
has condlant A-t:g%, Y a =), b= @(p), thon

b
L. FEIdax = Jj& [&(t)] ¢’ (t)dt

(3) Theotem 1 : Y k 18 an ewom conbimuwous punchon on [-4,a]
£: f(x) dx = Z_Labfx) d=x (aeR"')

Proaj : _[a f () dx = J’o p(x) dx + J‘aﬂx)a{x [c—a<g<al
0 =a ~a o

New, Lot I = fa b (x)dx,

-a
L&t x =t e alx:...d,t
Akt 2 =—-a s t=a and =0 = t=0

2= -t and dx/d.t="'f are continuweous en [Fa, al and
sgn o dxfyp 4 conslant. 4 .
L = ja" F-1) (-dt) = = [ bt dt = p)de

a (... b_ 24 Gl'cﬂ)
I = j h () dx
0

[P hed= = j:bcx)az + f:ux)ax - 2| pod=
-a




7 -9. DEFINITE INTEGRALS
DIFFERENTIAL EQUATIONS M2-T-38

(4) Theotom 2 : Y | i onbinueous and edd function en [-aa]

i:b(x)dz, = 0 (aer?)

Preof fa x)dz = Ia b (=) dx +fa (%) d= [-a<@ <al
—— Za b¢ " La 0 J ’
New, et I = j°b(x)4x

—

Lot =2 = -% o dwe = -t
Ao x=-a s>t=a ad =0 = t=0

L= b)) = - Chetdt = [ pendt
= [ChWAt (5 s an sdd funcbion)
= — f: k() da

[ pe) dx = — [fpeodx + [ peod= = 0.
a

-

(5) Thaoreme 3 @ Y f b contimoud en L[0,al,

j:b(x)alx = S:lb(a-—x.)alx

Paogf: Let I =  pla-=)dax

Let a- =+t 2. dx = =dt
Alsg, =0 > t=a and xX=a =>t=0
0 0 a
L= [ p)-at) = - [ pl)dE = [T p)d
= [, e dx

s peo) de = (X pla-) dx

(6) Theoremr 4 : Y | is ceontvnuonsd over [a,bl,
a a

: _ (b " N d
Proog : LUC'I_Sab(Hg x) da
Let a4b-x =t s o —=dwe = dbt




